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6.4 Time Domain Specifications for A Second-Order Under Damped Systems:
The transient response of a practical control system often exhibits damped
oscillations before reaching steady state. The step response of the second-order system for

the under damped case is shown in the following figure.
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The response up to the settling time (ts) is known as transient response and the
response after the settling time is known as steady state response. All the time domain
specifications which represented in this figure are:

1. Delay Time (tq): This is the time required for c(t) to reach half of its final value.

Consider the step response of the second-order system for t > 0, when 0 <( < 1.

e_zwnt
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First, we must find the final value of the step response as follows:

c(t) = <1 — sin(wyt + 9)) u(t)

G
o

But u(o0) = 1 and e $@n(®) = g=® = é =0

c(e0) = (1 - sin(wq (o) + 9)> u(o)

1
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c()=(1-0)(1)=1
So, the final value of the step response is one.
Therefore, at t=ty, the value of the step response will be 0.5. Substitute, this value in the

above equation and replace t by tg, we get:

e_zwntd

0 sin(wgty +6)
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By using linear approximation, you will get the delay time tq as:

1+0.7¢
ty=———

Wy
2. Rise Time (tr): It is the time required for the response to rise from 10% to 90%, 5%
to 95%, or 0% to 100% of its final value. For under damped second order systems,
the 0% to 100% rise time is normally used. For overdamped systems, the 10% to
90% rise time is commonly used.
We know the step response of the second-order system for t > 0, when 0 < < 1 is as

follows:

—Jwnt

i

First, we must find the final value of the step response as follows:

c(t) = <1 - sin(wgyt + 9)) u(t)

e_zwn(oo)
c(0)=|1— ————sin(w, () +0) | u(oo
(0) ( i (wg () )) ()
But u(c) = 1 and etwn(®) = g~ =1 =

c(0)=(1-0) (1) =1
So, the final value of the step response is one.
Therefore, at t=t,, the value of step response is one. Substitute, these values in the

following equation.
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—{wnt
c(t) = <1 — ——=sin(wg4t + 9)) u(t)
J1-22
e_{wntz
c)=1=1- \/ﬁsin(wdtz + 0)
e_{wntZ

———=sin(wgt, +0) =0

J1-22

sin(wgat, +0) =0
(wgt, +0)=m

T—0
t2=

Wgq
Substitute t; and t; values in the following equation of rise time.
tr = tZ - tl

wheret=t,=0

Wq
From above equation, we can conclude that the rise time ¢,. and the damped frequency w,
are inversely proportional to each other.
3. Peak Time tp: It is the time required for the response to reach the peak value for
the first time. It is denoted by tp, and can be obtained by differentiating c(t) with
respect to time and letting this derivative equal zero. We know the step response of

second order system for under-damped case is:

e_zwnt

N

Differentiate c(t) with respect to t, yields:

c(t) = <1 — sin(wyt + 9)> u(t)

d —{wnt o o
il(tt) _ (_ \7?() (wq cos(wgt +6)) |+ | (Sin(wat+0)) <_ (a)l e_ _ )

dc(t)
dt

= 0 in the above equation, yields:
3

Substitute, t=t, and
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e ~Swntp : —fwnef
0= <_w/1 - (2> (@a cos(wat, +6)) | + | (sin(@at, ) <_ J1-¢2 >

—Cwnt —Cwnt
e p w,, e p
wgq cos(wyt, +6) + (O

1-¢2 J1-¢2

Multiply both sides by — -5 yields:

0=—

sin(wqt, + 0)

0=wy cos(a)dtp + 9) — {wy, sin(wdtp + 9)

But w; = wn\/TZZ
wn\/TCZ cos(a)dtp + 9) — (wy, sin(wdtp + 9) =0
Divide both sides by w,,, yields:
J1 =02 cos(wqt, +0) — ¢ sin(wqt, +6) = 0
But sin(6) = \/1—7(2 and ¢ = cos(0)
sin(8) cos(wyt, + 6) — cos(8) sin(wqt, +60) =0
We know:
sin(x — y) = sin(x) cos(y) — cos(x) sin(y)
sin(@ — (wgt, + 9)) =0
sin(—wdtp) =0
sin(x) =0if x =0,%m

—Wy tp = -7

¢ = [A
p Wy
From the above equation, we can conclude that the peak time t, and the damped frequency

®q are inversely proportional to each other.
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4. Peak Overshoot (Mp): Peak overshoot is defined as the deviation of the response
at peak time from the final value of response. It is also called the maximum
overshoot.

Mathematically, we can write it as: M,, = ¢(t,) — c(0)
Where, c(t,) is the peak value of the response, c(0) is the final (steady state) value of the
response.
At t=t,, the response c(t) is:
o =S wntp

1-¢2

c(t,) =1- sin(wqt, + 0)

Substitute, t,, = wl in the right-hand side of the above equation.
d

o ~Son(Gg) -
c(t,) =1- ﬁsin (wd <60_d> + 9)

We know that: sin(x + y) = sin(x) cos(y) + cos(x) sin(y). So, we will get:
sin(mr + 6) = sin(mw) cos(8) + cos(m) sin(8) = (0) cos(#) + (—1) sin(f) = —sin(H)

)
o(tp) = ——,1_—(2

We know that: sin(6) = /1 — ¢2. So, we will get c(t,,) as:

(= sin(6))

c(tp) =1+ e_<\/f‘L52)

Substitute the value of ¢(¢,) and c(o) in the peak overshoot equation.

)
Mp=c(tp)—c(00)= 1+e WI-0?/ | -1

Mp = e_(\/%)
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Since the final steady-state value of the step response differs from unity, then it is common

to use the maximum percent overshoot. It can be calculated by using this formula:

M
Maximum Percent Overshoot = P % 100%

()
The amount of the maximum (percent) overshoot directly indicates the relative stability
of the system. We can conclude that the maximum percent overshoot will decrease if the
damping ratio C increases.
5. Settling Time (t5): It is the time required for c(t) to reach and remain within a
certain range of its final value. This range is usually from 2-5% of the amplitude
of the final value.

The settling time for 5% tolerance band (5% criterion) is:

ty = > =37
¢ w,
The settling time for 2% tolerance band is:
ty = : =47
¢ w,

: : : 1
Where, 7 1s the time constant and is equal to Ton

[y

e Both the settling time ts and the time constant t are inversely proportional to the
damping ratio C.

e Both the settling time t; and the time constant t are independent of the system gain.
That means even the system gain changes, the settling time t; and time constant t
will never change.

Examplel: Consider the system shown in Figure below, where (= 0.6 and w,, =5
rad/sec. Find all the time domain specifications when the system is subjected to a

unit-step input.
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R(s) E(s) C(s)

Solution:
The delay time t, is:

14070 1+(0.7x0.6)
 w, 5

= t; = 0.284

ta

The rise time t,. is:

For the given values of { and w,,, we obtain:
Wy = wy/1—72=5%xvV1—-0.6>?= wy =4rad/sec.
And 1 —-0%2=sin(f) = 0 =sin 11 -2 =sin"1y1 — 0.62

~0=0.93 rad
_n—e _3.14—0.93
- (l)d - 4

t, = t, = 0.55 sec

The peak time t,, is:

T 3.14
tp :a)_d:T:tp = 0.785 sec

The maximum percent overshoot is:

_< m > _<0.6x3.14>
M, =e W1=¢*/ =¢ Wi-06?/ = M, = 0.095

The maximum percent overshoot is thus

M 5
Maximum Percent Overshoot = —2— x 100% = X 100%

c()

7

Third Class

=9.5%
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The settling time t, (for 2% criterion) is:

4 4
ty = = = t, = 1.333
ST 7w, 06x5 'S o
The settling time t, (for 5% criterion) is:
3 3
tg ==—=1t;, =1sec

“C{w, 06x5 3

Third Class

Example 2: For the system shown in figure below, determine the values of gain K

and velocity feedback constant Kn so that the maximum overshoot in the unit-step

response is 0.2 and the peak time is 1 sec. With these values of K and Kh obtain the

rise time and settling time. Assume that J = 1 kg-m? and B = 1 N-m/rad/sec.

C(s)

R(s) K i
Js+ B )

Solution:

i

For simplifying the block diagram in above figure, use Rule 1 and Rule 3 of block

diagram reduction rules, as follows:

Stepl: Use Rule 3 for blocks ]S% and K, which are connected in negative feedback loop

to combine them into one block. The modified block diagram is shown in the following

figure.
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Rs) < K I C(s)
e e 1 T
A

Step2: Use Rule 1 for blocks ; K and %which are connected in series to combine

S+B+KKp

them into one block. The modified block diagram is shown in the following figure.

R(s) K C(s)
I s(Js + B+ KK},)

Step3: Use Rule 3 for blocks ]S;

and unity feedback which are connected in
+B+KKp

negative feedback loop to combine them into one block. After simplification, the block

diagram of the system will be shown in figure below:

R(s) K Cl(s)
Js2+ (B+KK)s+K

C(s) K
R(s) Js2+(B+KKy)s+K

Or
C(s) _ K/J
RS) 2, (B +]KKh)S+K/]
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Comparing the above equation with the standard second order transfer function shown

below:
C(s) _ Wy, ”
R(s) 52+ 20{w,s + w,?
The undamped natural frequency becomes: w,,* = ? = W, = §
: - . __ B+KKp _ B+K Kp,
The damping ratio { becomes: { = ={= 27K

K
21
The maximum overshoot M is:

(77)
M, =e W1¢*/ =0.2

Take In for both sides, we get:

In e_<\/f‘L52> =0.2

- Jm - _ — 72
e 1.609 = (= 1.609,/1—-¢
Square both sides of the equation above, we get:

({m)? = (1.609/1 — ¢2)% = ({m)? + (1.609)2 % = (1.609)2

(1.609)2
2 _ 2 2 N7
12.448 {* = (1.609)* = ¢ 17448
~ ¢ =0.456
/s
v t,=—=1="wgq =3.14rad/sec
Wgq
Wy 3.14

YWy =Wy (P 1= w, =

= w, = 3.53 rad/sec

JZ—-1 04562 -1
Since the natural frequency w, = \/%

Square both sides of the equation above, we get:

K =Jw,? =1kg —m? x (3.53rad/sec)?
10
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~K=125N—-m

. . . B+K K
Since the damping ratio { = Trj": 2JK]J{=B+KK,=2,K]{—B=KK,
2JKJ{—B 2V125x1 x0.456—1
Tk 12.5

-~ Kp =0.178 sec

0 =sin"1/1 -2 =sin"1\/1 —0.4562 = 1.10 rad
mT—0 M- 1.10
(OF] N 4

t, = = t,. = 0.65 sec

For the 2% criterion, the settling time t; is:
4 4

~ 7w, 0456x353

For the 5% criterion, the settling time t; is:
3 3

~{w, 0.456x3.53

Example 3: When the system shown in figure (a) is subjected to a unit-step input, the

ts

= t, = 2.48 sec

ts

= t, = 1.86 sec

system output responds as shown in figure (b). Determine the values of K and T from the

response curve.

R(s) X | C(s)
™ T+ D >
(a)

11



Computer Technology Eng. Dept. Control Engineering Fundamentals Third Class

e(f) 4

(b)

Solution:

- zn)
M,=e <v1—<2 = 0.254

Take In for both sides, we get:

{m
\ 12 _ {m
In] 0.254 =¢ ( 1 Z> =>—1.37——<\/1_7€2>

Square both sides of the equation above, we get:
2

i m)?

_137=— (=S — 18769 = S 1 8769 (1—¢2) = (¢m)?
J1-2¢2 1-¢2

1.8769

9.8596 (% + 1.8769 (% = 1.8769 = 11.7365 (% = 1.8769 = (? = 117365

7% = 0.1599 = ¢ = 0.3998 = HEINHE

From the response curve, we have: t,, = 3

_ 3= T T _ T _ 3.14
Wa  wf1-02 w,Yv1-042 09165w,

3 514 2.7495 3.14 314
== 2. =314 = = =
0.9165 w, ©n “n = 57495

12
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For simplifying the block diagram in figure (a), use Rule 3 of block diagram reduction

rules for blocks and unity feedback which are connected in negative feedback loop

s(Ts+1)

to combine them into one block.

R(s) K C(s)
™ T+ D o
(a)

After simplification, the block diagram of the system will be shown in figure below:

R(s) K C(s)

Ts2+s+K

C(s) _ K
R(s) Ts?+s+K

Divide both sides of the equation above by (T), we get:

cs) K
R(s) 2,.S_.K
s“ + T + T
Comparing the above equation with the standard second order transfer function shown
below:
C(s) _ Wy

R(s) 52+ 20{w,s + w,?
Therefore, the values of T and K are determined as:

1 1

= = = =~ T =1.096
T 2w, 2x04x1.14

13
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Therefore, the value of K is:
v K = a),le =1.14°%x1.096 = ~ K = 1.42

Homeworkl: A unity feedback system is characterized by an open loop transfer

function:

G(s) = s(s+10)

Determine the gain K so that the system will have a damping ratio of 0.5. For this
value of K, determine settling time, peak percent overshoot, and time to peak
overshoot for a unit step input.

Answer:

K=100

t:=0.8 sec

Peak percent overshoot =16.3%

t,=0.362 sec

Homework?2: A feedback system employing output rate damping is shown in Figure
below.

A. Find the values of K1 and K3 so that the closed-loop system resembles a second-
order system with damping ratio equal to 0.5 and frequency of damped
oscillations 9.5 rad/sec.

B. With the above values of K1 and Ky, find the percentage overshoot when input
is step input.

C. What is the settling time for 2 percent tolerance?

14
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R(S) C(s)

Answer:
K;=120.34
K»=9.97
Mp=16.31%
t:=0.729 sec

15



